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 Abstract  

The current study focuses on computing turbulent flow over a spherical body, for different 
Reynolds number in the transitional flow region, and comparing the obtained data with 
experimental results. Different mesh configurations were used, and multiple divergence schemes 
and solver combinations were tested. The results from the simulation runs show that the linear 
upwind divergence scheme, coupled with Geometric Algebraic Multi Grid (GAMG) solvers, 
with a careful selection of smoothers show results that match the best with experimental data. 

 
1. Introduction 

 
Transitional turbulence is defined as the process of a flow transitioning from laminar flow to 
turbulent flow. Transition to turbulence involves several mechanisms, which vary on the basis of 
the nature of the flow. The present study focuses on modelling flow at transition Reynolds 
numbers over a sphere. Since the flow for the given scenario could be construed as a parallel 
flow, the Orr Sommerfeld equation [1], with the help of which it is possible to determine if a 
perturbation introduced in a parallel, stratified flow will diminish or amplify, can be used to 
determine whether the flow will transition to turbulence. The equation can be expressed as: 

 (𝑈 − 𝑐)൫𝜙௬௬ − 𝑘ଶ𝜙൯ −  𝑈௬௬𝜙 =  
1

𝑖𝑘 𝑅𝑒
[𝜙௬௬௬௬ − 2𝑘ଶ𝜙௬௬ + 𝑘ସ𝜙] (1) 

 
This equation cannot be evaluated due to its nonlinear nature. Assuming an inviscid flow enables 
one to solve the equation. From the solution for inviscid flow, it can be seen that stable solutions 
can only be calculated for a positive value of 𝑐. Furthermore, work by Rayleigh showed that for 
a parallel inviscid flow, a ‘point of inflexion’ wherein 𝑈௬௬  =  0 needs to exist for a flow to 
transition to turbulence. For a Hagen Poiseuille flow case, which is the current flow case being 
considered, no such inflexion point is present, and therefore the flow remains laminar even at 
high Reynolds numbers, as long as there is no obstacle, adverse pressure gradient or essentially 
any ‘trigger’ that can cause a transition to turbulence. The sphere acts as an ‘obstacle’ in this case. 
As mentioned previously, modelling transitional turbulence has always been difficult due to 
varied mechanisms that govern transition depending upon the flow, and the large number of 
nonlocal calculations needed. This feature makes a majority of transitional turbulence models 
impossible to implement on modern CFD solvers, as they use domain decomposition to compute 
the solution over several Central Processing Unit (CPU) cores. The LCTM model, also known as  
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the Gamma-Re-Theta model [3], which is a modified version of the k-Omega SST model cures 
these difficulties. The given model involves solving two transport equations for intermittency (a 
non-dimensional quantity designed to predict the onset of turbulence) and for transition 
momentum thickness Reynolds number (𝑅𝑒ఏ௧ ). The source terms in these equations depend upon 
empirical correlations formulated from experimental data. The purpose of the given study is to 
find the optimum configuration that simulates the flow over a sphere, placed in a flow domain of 
specified dimensions, at Reynolds numbers in the transition flow regime. 𝐶ௗ (Coefficient of Drag) 
was plotted as a function of the Reynolds number, and the results were compared with 
experimental data. 
   

 
2. Problem Statement  

 
The problem statement was derived from Nakhostin et al. [8]. A sphere of dimension 𝐷 is 
placed in a domain with dimensions 20𝐷 × 10𝐷 × 10𝐷, 𝐷 being the diameter of the sphere. 
The turbulence length scale was calculated as 0.07 × 𝐷. The isotropic turbulence ratio was 
taken as 0.5%.  

 

3. Governing Equations  
 
Two turbulence models were used in the case study, first one being the k-Omega SST model 
[2] and second being the LCTM Gamma-Re-Theta model [3]. The equations for the k-Omega 
SST model are as follows: 

 
 

 
𝜕(𝜌𝑘)

𝜕𝑡
+  

𝜕൫𝜌𝑢௝𝑘൯

𝜕𝑥௝
= 𝑃 − 𝛽∗𝜌𝜔𝑘 +  

𝜕

𝜕𝑥௝
ቈ(𝜇 + 𝜎௞𝜇௧)

𝜕𝑘

𝜕𝑥௝
቉ (2) 

 

 
 

𝜕(𝜌𝜔)

𝜕𝑡
+  

𝜕൫𝜌𝑢௝𝜔൯

𝜕𝑥௝

=  
𝛾

𝜗௧
𝑃 − 𝛽∗𝜌𝜔ଶ + 

𝜕

𝜕𝑥௝
ቈ(𝜇 + 𝜎ఠ𝜇௧)

𝜕𝜔

𝜕𝑥௝
቉ + 2(1

− 𝐹ଵ)
𝜌𝜎ఠଶ

𝜔

𝜕𝑘

𝜕𝑥௝

𝜕𝜔

𝜕𝑥௝
 

(3) 

 
     
(2)  Is a transport equation for the turbulent kinetic energy, and (3) is a transport equation for 
the specific dissipation.  
 
 
For the LCTM Gamma-Re-Theta model, two additional transport equations for the 
intermittency and transition momentum Reynolds number need to be solved, along with a 
modified version of the k-Omega SST model equations, as mentioned in section 1. The 
equations for intermittency can be expressed as follows: 
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𝜕(𝜌𝛾)

𝜕𝑡
+ 

𝜕൫𝜌𝑢௝𝛾൯

𝜕𝑥௝
=  𝑃ఊ − 𝐸ఊ + 

𝜕

𝜕𝑥௝
ቈቆ𝜇 +

𝜇௧

𝜎௙
ቇ

𝜕𝛾

𝜕𝑥௝
቉ (4) 

 𝑃ఊ =  𝐹௟௘௡௚௧௛𝑐௔ଵ𝜌𝑆[𝛾𝐹௢௡௦௘௧]଴.ହ(1 − 𝛾) (5) 

 

  The equation for transition momentum thickness Reynolds Number can be expressed as     
follows: - 

 
𝜕൫𝜌𝑅𝑒ఏ௧൯

𝜕𝑡
+  

𝜕൫𝜌𝑢௝𝑅𝑒ఏ௧൯

𝜕𝑥௝
= 𝑃ఏ௧ + 

𝜕

𝜕𝑥௝
ቈ𝜎ఏ௧(𝜇 + 𝜇௧)

𝜕𝑅𝑒ఏ௧

𝜕𝑥௝
቉ (6) 

 𝑃ఏ௧ =  𝑐ఏ௧

𝜌

𝑡
(𝑅𝑒ఏ௧ −  𝑅𝑒ఏ௧)(1.0 − 𝐹ఏ௧) (7) 

 𝑡 =  
500𝜇

𝜌𝑈ଶ
 (8) 

 

The equations for turbulent kinetic energy and specific dissipation rate are as follows: 

 
𝜕(𝜌𝑘)

𝜕𝑡
+ 

𝜕൫𝜌𝑢௝𝑘൯

𝜕𝑥௝
= 𝑃෨௞ − 𝐷෩௞ + 

𝜕

𝜕𝑥௝
ቈ(𝜇 + 𝜎௞𝜇௧)

𝜕𝑘

𝜕𝑥௝
቉ (9) 

 
𝜕(𝜌𝜔)

𝜕𝑡
+  

𝜕൫𝜌𝑢௝𝜔൯

𝜕𝑥௝
=  

𝛼

𝜗௧
𝑃௞ − 𝐷ఠ + 𝐶𝑑ఠ + 

𝜕

𝜕𝑥௝
ቈ(𝜇 + 𝜎ఠ𝜇௧)

𝜕𝜔

𝜕𝑥௝
቉ (10) 

 𝑃௞
෪ =  𝛾௘௙௙𝑃௞ (11) 

 𝜇௧ = ൤
𝜌𝑘

𝜔
;
𝑎ଵ𝜌𝑘

𝑆𝐹ଶ
൨ (12) 

 

4. Simulation Procedure 
 
4.1 Geometry and Mesh  

 
The snappyHexMesh utility was used to create the mesh for the given study. Two 
configurations were tested, each with different levels of refinement. The first case had 
approximately 800,000 cells and the second case had approximately 2,000,000 cells. All 
configurations had refinements applied near the sphere surface and also in the wake region. 
The configurations differed only in the number of cells in the mesh overall, as the mesh 
strategy is identical in both cases. A snapshot of both meshes can be seen below.   
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Figure 1: Mesh over the domain (Configuration 1) 

 

 

 

Figure 2: Mesh over the domain (Configuration 2) 

4.2 Initial and Boundary Conditions  
 
The mesh was divided into three patches, inlet, outlet and wall. Since the given case is 3D, 
separate “front” and “back” patches are not required.  Since the flow (in the given case) should 
transition to turbulence only when it encounters the sphere, slip boundary conditions were  
applied on all the boundaries to ensure that only transport of momentum and energy takes place 
on the walls of the domain. 
The turbulent kinetic energy at the inlet was calculated using the following equation: 
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 𝑘௜௡௟௘௧ =
3

2
(𝑈𝐼)ଶ (13) 

 
 
 
 Where U stands for the velocity and I is the turbulence intensity at the inlet. The specific 
dissipation rate at the inlet was calculated using the following expression: 

 
𝜔 =  

𝐶ఓ

ଷ
ସ𝑘

ଵ
ଶ

𝑙
 

(14) 

 
𝐶ఓ  is a constant whose value is equal to 0.09, 𝑘 denotes turbulent kinetic energy, and 𝑙 is the 
turbulent length scale. 

4.3 Divergence Schemes  
 
Divergence schemes approximate the divergence of a given flux. Gauss Divergence Theorem, 
which links the surface integrals and volume integrals, is used in the process. Two most 
commonly used divergence schemes are tested, namely linear Upwind and Upwind. The upwind 
divergence scheme sets the flux face value equal to the flux value in the upstream direction. For 
a single dimension, this can be expressed as [4][7]: 

 
 
 𝑎௝𝜙௝ =  𝑎௝ିଵ𝜙௝ିଵ + 𝑎௝ିଵ𝜙௝ିଵ (15) 

Where, 
 

𝑎௜ିଵ = ൬
Γ

𝑑𝑥
൰

௝ି
ଵ
ଶ

+ max ൬𝜌𝑢
௝ି

ଵ
ଶ

, 0൰ 
(16) 

 
𝑎௜ାଵ = ൬

Γ

𝑑𝑥
൰

௝ା
ଵ
ଶ

− max ൬−𝜌𝑢
௝ା

ଵ
ଶ

, 0൰ 
(17) 

                                                                                                     
Where Γ is the diffusivity coefficient. 
The Linear upwind scheme is a modification of the upwind scheme, which switches between the 
Mac Cormack scheme and the upwind differencing scheme via a blending operator 𝜖 which 
assumes values of either zero or one. The switching operators are only applied when a local 
eigenvalue test returns a positive value. For a differential equation of the type expressed as- 
 
 𝜕𝑢

𝜕𝑥
+ 

𝜕𝐹(𝑢)

𝜕𝑡
= 0 

(18) 

 
The linear Upwind divergence scheme can be expressed as [5]: 

 
𝑢௝

௜ାଵ = 0.5൫𝑢௝
௜ାଵ + 𝑢௝

௜൯ − 0.5
∆𝑡

∆𝑥
ൣ𝜖௝𝐹௝

௡ − ൫𝜖௝ − 𝜖௝ିଵ൯𝐹௝ିଵ
௡ + 𝜖௝ିଵ𝐹௝ିଶ

௡ ൧

− 0.5
∆𝑡

∆𝑥
ൣ−𝜖௝ିଵ𝐹௝ିଵ

௡ାଵ − ൫𝜖௝ − 𝜖௝ିଵ − 1൯𝐹௝
௡ାଵ + (1 − 𝜖௝ିଵ)𝐹௝ାଵ

௡ାଵ൧ 
(19) 

 
where, 
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 ൫𝜖௝, 𝜖௝ିଵ൯ =  

⎩
⎨

⎧
(0,0) 𝑀𝑎𝑐𝐶𝑜𝑟𝑚𝑎𝑐𝑘 𝑠𝑐ℎ𝑒𝑚𝑒

(0,1) 𝑀𝑈 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑜𝑛 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟

(1,0) 𝑈𝑀 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑜𝑛 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟

(1,1) 𝑈𝑝𝑤𝑖𝑛𝑑 𝑠𝑐ℎ𝑒𝑚𝑒

 (20) 

 
                                                                                                            
4.4 Pressure-Velocity coupling algorithms and solvers  
                         
Several solver and Pressure-Velocity configurations were tested. The SIMPLE algorithm was 
decided as the optimal Pressure Velocity coupling algorithm, due to its blend of lower 
computational cost and high accuracy for aerodynamic flows simulated using RANS models, as 
shown by Robertson et al. [6]. Extensive tests were carried out with regards to solver and 
smoother selection. Based on the author’s previous tests on the flow over a flat plate case 
(ERCOFTAC T3A) GAMG (Geometric Algebraic Multi Grid) solvers were chosen for all the 
variables to be solved. Smoother selection was done on the basis of the nature of the global 
matrix to be solved. For asymmetric matrices, the DICGaussSeidel smoother was found to give 
the best results. For symmetric matrices, the DILUGaussSeidel solver was chosen, and was 
found to have the highest rate of convergence. The model was run for different Reynolds 
numbers, ranging from 1 × 10ହ to  5 × 10ହ.  The model was run for 10,000 iterations for every 
single Reynolds number, and the 𝐶ௗ value was averaged over iterations. 
 
 
4.5 Comparison between various divergence schemes  
 
Figure 3 shows the  𝐶ௗ value as a function of Reynolds number for different divergence schemes, 
using the first mesh configuration. It can be clearly observed that the linear upwind scheme is 
producing the results that match the best with experimental values. The simulation setup with 
upwind divergence scheme displayed numerical instabilities after 2 × 10ହ Reynolds number. 
This validates the claim made by Robertson et al. [6] regarding the suitability of the linear 
upwind divergence scheme. Linear Upwind is eminently suitable for the given case due to the 
second order nature of the constituent schemes as well as its ability to switch between the Mac 
Cormack and Upwind divergence scheme, enabling accurate simulation of flow around 
discontinuities.  
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Figure 3: 𝐶ௗ expressed as a function of Reynolds numbers, for different divergence schemes 

 
 
4.6 Comparison between Mesh Configurations 

 
Figure 4 shows the  𝐶ௗ value as a function of Reynolds number for different mesh configurations, 
specifically, one mesh configuration with 25 refinement layers applied on the surface of the 
sphere, with a total cell count approaching 1M cells, and another configuration with 25 
refinement layers applied on the surface of the sphere and total cell count exceeding 2M cells. It 
can be observed that the configuration with lesser cells is predicting a higher 𝐶ௗ in the post-
critical region, as compared to experimental values, while the configuration with 2M cells is 
predicting values that are closer to experimental results. In both the cases, the trend of the 
computational results is differing from experimental values, as the 𝐶ௗ values begin to fall after 
3 × 10ହ Reynolds number whereas in the computational results, the same ‘fall’ is observed 
around 1 × 10ହ Reynolds number itself.  
 

 
Figure 4: 𝐶ௗ expressed as a function of Reynolds numbers, for different meshing schemes 
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4.7 Comparison between k-Omega SST and Gamma-Re-Theta 
 
Figure 5 shows the  𝐶ௗ value as a function of Reynolds number for k-Omega SST and Gamma-
Re-Theta turbulence model configurations. It can be seen that the trend of the k-Omega SST 
plot does not match with the experimental predictions, and deviates even further as compared  
to the Gamma-Re-Theta plot. The k-Omega SST model doesn’t include any special provisions 
to capture transition effects appropriately, and hence this deviation is observed. Also, the wake 
regions (as shown in Figure 6) predicted by both models are noticeably different, with the 
gamma-Re-Theta model’s predicted wake region being noticeably larger than the wake region 
predicted by k-Omega SST, as k-Omega SST cannot capture the transition process. 
 
 

 
Figure 5: 𝐶ௗ expressed as a function of Reynolds numbers, for different divergence schemes 

 
 

 
Figure 6: Wake region predictions for two different turbulence models. The k-Omega SST 

wake prediction is shown on the right, while the Gamma-Re-Theta model prediction is shown 
on the left. 
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